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CS6013: Course Seminar, Fall 2026
Topic: Sparse Attention ( Decode )

Presenters: Ansh, Sumedh, Bhavesh, Baranee, Amit

Instructor: Prof. Aditya Desai



•

Prefill Phase & KV Cache Initialization

KV Cache HBM Storage 

Calculated Key K and Value 

V tensor written directly to 

High-Bandwidth Memory 

(HBM).

Establishes the initial KV 

Cache state for all N context 

tokens.

Input Prompt Ingestion 

Sequence: 

Large amount of content as 

input 

Tokens T
1
,T

2
 to T

N
 every 

token is given as input

Parallel Embedding & 
Projection 

Input tokens converted to 

embedding X (N*d
emb

)

Matrix multiplication computes 

Queries, Keys, and Values:

Q = XW
q
, K = XW

k
, V = XW

v
 (N*d)

High arithmetic intensity (fully 

compute-bound execution).
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Prefill

Parallelly compute Query Key Value for each token 

For each token uses its Query to find attention scores

Stores KV cache in HBM for further use

In Decode Phase

To generate token T
N+1

, it does 
a forward pass computing 
current query’s attention to 
past tokens and so on to 
predict next tokens
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The Decode Phase is Memory-Bound

Sequential Token Generation:

• Generates tokens autoregressively: one token T
N+1

 at a time.

• Input is a single last  generated Token.

• Token T
n
 → embed X → multiplied by W

q
,W

k
 and W

v
 matrices → 

completes the forward pass to generate token

Memory bound problem

Arithmetic Intensity:

• Prefill: Matrix-Matrix Multiplication [X*W or X*V] [(N*d)*(d*d)] → 
High FLOPs/Byte (Compute-Bound).

• Decode: Vector-Matrix Multiplication [q*KT][(1*d)*(d*N)] → Low 
FLOPs/Byte (Memory-Bandwidth Bound).

• Result: GPU Tensor Cores sit idle waiting for memory transfers.

To generate token T
N+1

, the 
GPU must fetch the entire 
accumulated KV Cache from 
High-Bandwidth Memory 
(HBM) to SRAM and K and V 
are both (N*d) .
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Roofline model

GEMV: 

● total elements transferred for computation: 
N+N2=O(N2)

● Total operations = N*(N multiply+N add)=O(N2)

GEMM:

● total elements transferred for computation: 
N2+N2=O(N2)

● Total operations = N2*(N multiply+N add)=O(N3)

Let's look at ratio (Total operations/total elements 
transferred)

During Prefill we have lot more matrix 
multiplication thus leading to compute bound, 
whereas Decode is memory bound
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Last 10 years growth in memory vs compute

2016 (Tesla P100): The ridge point was ~30 FLOPs/Byte

2026 (Blackwell B200 - FP16 Dense): The ridge point is 
~281 FLOPs/Byte.

Specification 2016: 
NVIDIA 
Tesla 
P100

2026: 
NVIDIA 
B200 
(Blackwell)

Growth 
Factor

Memory 
Bandwidth

732 GB/s 8,000 GB/s 
(8.0 TB/s)

~11x

FP16 
Compute 
(Dense)

21.2 
TFLOPS

2,250 
TFLOPS

~106x
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Last 10 years growth in memory vs compute

2016 (Tesla P100): The ridge point was ~30 FLOPs/Byte

90*90 matrix was enough to cross the ridge point and 
fully saturate the GPU's compute cores. 

2026 (Blackwell B200 - FP16 Dense): The ridge point is 
~281 FLOPs/Byte.

Today, if you multiply matrices smaller than 843*843 the 
B200's cores will starve. You are entirely memory-bound. 

Specification 2016: 
NVIDIA 
Tesla 
P100

2026: 
NVIDIA 
B200 
(Blackwell)

Growth 
Factor

Memory 
Bandwidth

732 GB/s 8,000 GB/s 
(8.0 TB/s)

~11x

FP16 
Compute 
(Dense)

21.2 
TFLOPS

2,250 
TFLOPS

~106x
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How could we solve it?

The Core Insight:

• Attention distributions a (1*N) are highly skewed.

• A small fraction of tokens drive the vast majority of the post-attention 
representation o = aV

Two Key Questions for 
Sparse Decode:

The Sparsity Objective:

• Instead of fetching all N tokens from the KV Cache in HBM, fetch only k 
critical tokens (k<<N).

• Reduces memory bandwidth demand from O(N) to O(k) per generation 
step.

Can a sparse attention vector 
a' perfectly replicate dense 
attention aV?

Computational Feasibility: 
How do we efficiently find the 
best k tokens at runtime?
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Theoretical Limits: The (d+1)-Sparsity Guarantee

We are mapping N attention weights down into a d-dimensional output vector. Because V can have a maximum 
rank of d, the Rank-Nullity Theorem tells us there is a nullspace of dimension at least (N - 1) - d. Any shift along this 
nullspace produces zero change in the output proving that multiple distinct attention score distributions collapse 
into the exact same post-attention vector.

Intuition:

Inference Time Context Sparsity: Illusion or Opportunity? , Joshi et a.,l 2026 9



k-Sparse Attention Selection

Mathematical Optimization Objective:

Find a k-sparse attention vector b in RN that minimizes post-attention reconstruction error:

Arg min
b
 ||aV-bV||

2
2 

such that ||b||
0
≤k {atmost k non zero entries}

The Sparsity Objective:

• Selecting the optimal k indices out of N candidate tokens is equivalent to the Sparse Subset Selection  problem.

• Exact solution requires searching NC
k
 combinations which is NP-Hard.

• Exact k-sparse token selection is intractable during real-time autoregressive decoding.
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But How?

Randomly or heuristic based

Bypassing NP-Hardness: Exact k-sparse selection is NP-Hard we must use runtime heuristics/approximations.

Selection Strategies:

● Naïve/Baseline: Random sampling or static local context windows.
● Attention-Based (a): Greedily pick tokens with the highest attention scores (a

i
).

● Value-Impact (aV): Pick tokens weighted by their representation magnitude a
i
V

i
.

The System Constraint

• Selection cost < Memory savings: If the search overhead to find k takes longer than fetching the full KV cache 
from HBM, the speedup collapses.
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Start of Baranee’s Part

12



Selecting top k tokens to maximise scores:
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Proof for Lemma 4.1:
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Converting top k tokens problems into MIPS:
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Proof for Lemma 4.2:
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End of Baranee’s part
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PART 1 · APPROXIMATE MIPS

The MIPS Problem

Maximum Inner Product Search over n key vectors

• Given a query q ∈ ℝᵈ and keys K ∈ ℝⁿˣᵈ, find argmax ⟨q, kᵢ⟩.
• Exact scan is O(n·d) per query — too slow at long context.

• In LLM decoding, q arrives every token; K is the growing KV cache → 
this scan runs once per generated token.

• Approximate MIPS trades small quality loss for large speedups; families 
differ in how they prune the candidate set.

• Deciding factor in LLMs: is the index structure GPU-vectorizable?

Four families we will cover

1. Graph-based
HNSW++

2. Clustering
IVF

3. Quantization
PQ

4. Hashing
LSH / Hamming
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PART 1 · APPROXIMATE MIPS

Graph-Based: HNSW++

• Multi-layer proximity graph over the keys; top layer sparse, 
bottom layer dense.

• Query starts at a coarse entry node, greedily moves toward 
higher-inner-product neighbors at each layer.

• Descent shrinks the candidate set as layers get denser; final layer 
returns the approximate top-k.

• Complexity ~O(log n) per query for moderate dimensions.

• Best for: high-d, medium n, recall-critical workloads.

• Limitation: pointer-chasing access pattern is hard to vectorize on 
GPU.

Greedy descent through layers

L2 · sparse

L1

L0 · dense

Entry → winner
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PART 1 · APPROXIMATE MIPS

Clustering:  

• Run k-means on the keys → partition into k clusters; store 
centroid + member list per cluster.

• At query time, compute ⟨q, centroid⟩ for all k centroids, probe the 
top-p nearest clusters, scan only their members.

• Complexity ~O(n/k) when probing one cluster; tune p to trade 
recall for speed.

• Best for: very large n where a full graph is too expensive to build 
or store.

• Limitation: imbalanced clusters and queries near boundaries 
degrade recall; retrain when keys drift.

Partition + probe nearest cluster

★ q

probe this cluster → scan members
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PART 1 · APPROXIMATE MIPS

Product Quantization (PQ)-->add ex fig (Will remove)

• Split each d-dim key into m sub-vectors of length d/m.

• Train a small codebook (e.g. 256 centroids) per sub-vector 
position.

• Each key → m codebook indices (m bytes for 256-size codebooks) 
— dramatically shrinks the cache.

• Asymmetric Distance Computation (ADC): q stays full-precision; 
per-subspace distances come from a precomputed LUT, summed 
to approximate ⟨q, k⟩.

• Best for: memory-bound settings; ~O(n) but tiny constants and 
excellent cache locality.

• Limitation: quantization error caps achievable recall.

Split → quantize → lookup

d-dim key k

codebook 1 codebook 2 codebook 3 codebook 4

0xB8 0x09 0xF6 0x38

compressed key = m bytes

LUT(q): ⟨q, sub-centroid⟩ for all 256 codes × 
m subspaces → Σ ≈ ⟨q, k⟩
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PART 1 · APPROXIMATE MIPS

Product Quantization (PQ)

● Take a big, high-dimensional 
vector.

● Split it into equally sized chunks 
or  subvectors

● Assigning each of these 
subvectors to its nearest 
centroid (also called 
reproduction/reconstruction 
values),

● Replacing these centroid values 
with unique IDs — each ID 
represents a centroid

https://www.pinecone.io/learn/series/faiss/product-quantization/
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PQ Cache: PQ Construction

● Define K = 2b, this represents the number of centroids uniquely represented 
by the bit level code b

● Partition dh into m subparts and cluster each partition into 1 of K centroids 
across sequence length

● Off load FP16 KV to CPU and keep codes on GPU. Memory reduction by a 
factor mb/(16dh); m=2, K=64 => b=6, dh=128, factor reduction ~170 

PQCache: Product-quantization-based KVCache for Long Context LLM Inference, Zhang et al 2025
25



PQ Cache: PQ Searching
● For every new Query, partition it into m partitions as before.
● Compute similarity and construct LUT. (on GPU) 
● Get approximate attention scores
● Choose top-k keys based on these scores (fetched from CPU)
● Retrieve top-k KV pairs
● AllKV = initial KV(GPU) + top-k KV (Fetched from CPU) + Local KV(GPU)

PQCache: Product-quantization-based KVCache for Long Context LLM Inference, Zhang et al 2025 26



PQ Cache: Parallels between IR and LLM Inference

PQCache: Product-quantization-based KVCache for Long Context LLM Inference, Zhang et al., 2025 27



PART 1 · APPROXIMATE MIPS

 Locality-Sensitive Hashing

• Sample L random hyperplanes; for each vector, record on which side it lies → an L-bit signature.



PART 1 · APPROXIMATE MIPS

MIPS Methods at a Glance

Method Speed Accuracy Memory GPU-friendly

HNSW++ (graph) ~O(log n) High recall Moderate (graph) Poor (pointer-chasing)

IVF (clustering) ~O(n/k) Moderate Low (centroids)
Moderate→more GPU 

friendly

Product Quantization ~O(n), tiny const Capped by quant err Very low (codes) Excellent (LUT)

LSH / Hamming ~O(n / 2^L) Moderate (tables) Low (bit codes)
Excellent 

(popcount)-->not GPU 
friendly

No free lunch — speed and recall trade off; GPU-friendliness often decides what is deployable in LLM decoding.
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PART 2 · GPU-AWARE SPARSE ATTENTION

From MIPS to GPU-Aware Sparse Attention

• During autoregressive decoding, per-token cost is dominated by reading the KV cache from GPU HBM 
(memory-bound, not compute-bound).

• Sparse attention reduces KV reads by attending only to a subset of tokens — i.e. a MIPS query per head per 
token.

• Index structure must be GPU-vectorizable: avoid pointer-chasing; prefer popcount, LUT lookups, batched 
matmul.

• Three methods exemplify this design point — covered next:

HashAttention  ·  PQCache  ·  SqueezeAttention

Bottleneck = 

HBM bandwidth, not FLOPs
Index op must be 

a single kernel launch
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PART 2 · GPU-AWARE SPARSE ATTENTION

HashAttention: 

31

Your slide is ready.



PART 2 · GPU-AWARE SPARSE ATTENTION

PQCache→algo can be discussed + pgnum on all slides

• Store the KV cache in PQ-compressed form (m codebook 
indices per key) — fits much longer contexts in HBM.

• Per query: build an m × 256 lookup table of ⟨q, sub-centroid⟩ 
values; sum across subspaces → approximate ⟨q, K[i]⟩ for 
every i in one pass.

• Take top-k of the approximate scores; fetch full-precision K, V 
rows only for those k tokens.

• Strength: scan is a tight LUT + reduce kernel — extremely 
GPU-friendly.

• Limitation: ADC error caps recall; codebook must be retrained 
when key distribution drifts.

Flow

1 · PQ codes
m bytes per key

2 · LUT(q)
m × 256 ⟨q, sub-centroid⟩

3 · top-k IDs
from approximate ⟨q,K⟩

4 · fetch full K,V → attention
read-back only k rows
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PART 2 · GPU-AWARE SPARSE ATTENTION

SqueezeAttention (Hierarchical)

• Offline: run 2-tier k-means on the keys — first into c₁ coarse 
clusters, then each coarse cluster into c₂ fine clusters.

• Online per query:

    compute ⟨q, coarse_centroid⟩ for all c₁; keep top few

    for each kept cluster, compute ⟨q, fine_centroid⟩ for its c₂ children;       
keep top few

    finally scan member tokens of selected fine clusters

• Effective candidate set shrinks by ~c₁ · c₂ vs full scan.

• Strength: pure matmul at every tier → fully GPU-vectorized.

• Limitation: cluster boundaries cause recall loss; suffers when 
attention is flat.

3-tier narrowing

coarse centroids (c₁)

fine centroids (c₂)

selected 
tokens

c₁ · c₂ shrink factor
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PART 2 · GPU-AWARE SPARSE ATTENTION

Fixed K vs Dynamic K (Y Dynamic K?)

FIXED K

• Same budget k per query, every head, every layer.

• Simple, predictable latency.

• Misses long-tail tokens when scores are flat; wastes 
compute when scores are sharp.

• Examples: HashAttention, PQCache (with fixed 
top-k).

DYNAMIC K

• Budget adapts per head per query — include token i 
iff ⟨q, k_i⟩ exceeds threshold τ, or budget chosen so 
cumulative attention mass ≥ p (top-p).

• Better quality-latency fit to per-query score 
distribution.

• Harder to predict latency; needs extra pass to 
estimate τ or p.

• Examples: top-p variants, vAttention (budget set by 
(ε,δ) guarantee).

vAttention = Dynamic K, but with a verified accuracy guarantee.
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Is Top-k enough?

LIMITATIONS OF TOP-K

● Top-K methods assume attention 
scores are concentrated, but they 
fail on aggregation tasks requiring 
full-context integration.

● Top‑K keeps rank, throws away 
mass.



Why is Top-k not enough?

1. Tail Truncation
Top-K truncates the tail with a large 
tail of tokens collectively carrying 
substantial attention mass.

2. Sparsity Illusion
The attention sink creates the 
illusion of sparsity, while removing 
it reveals much more distributed 
attention.

3. Geometric Mismatch
● Keys and queries lie within narrow 

cones of opposite orientations, 
except for the attention sink.

● This mismatch degrades 
nearest-neighbor search 
performance.



MagicPIG : Reframe Attention as an Expectation

CLASSICAL SOFTMAX ATTENTION

BECOMES

1. FORMULATION AS AN EXPECTATION 2. MONTE CARLO APPROXIMATION
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Oracle Sampling needs “w”
— Importance sampling removes that requirement



Locality-Sensitive Hashing

Hyperplane Partitioning
Uses K × L random projection hyperplanes W to 
segment high-dimensional space into hash 
buckets.

Code Calculation
Computes hash codes mapping 
high-dimensional key vectors to a K-bit integer 
fingerprint.

Our proposal “u”
Pick the keys which share the hash with the 
query in atleast 2 tables
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System Co-Design: splitting work across CPU, GPU



Ansh
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PART 3 · vATTENTION

vAttention: Why Verified?(emphasize need for random 
sampling)

• Top-k assumes a few heavy hitters dominate — it fails when 
attention scores are flat (long tail matters).

• Random sampling handles flat distributions well — it fails when a 
few outliers dominate (wastes samples on noise).

• Insight: top-k and random sampling are complementary — 
combine them.

• vAttention = sinks + sliding window + approximate top-k (heavy 
hitters) + adaptive uniform sample (long tail), with sample size 
chosen to guarantee (ε, δ) accuracy.

• First practical sparse attention with user-specified, provable 
approximation guarantee.

When does each strategy win?

SHARP scores

top-k wins

FLAT scores

sampling wins

(ε, δ) guaranteed
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PART 3 · vATTENTION

vAttention Algorithm (Algo. 1)

1

Sink indices I_s

first f_s · n tokens

2

Sliding window 
I_l

last f_l · n tokens

3

Approx top-k I_t

predicted heavy 
hitters

4

Base sample

estimate Σ, σ, ǁNǁ, D

5

budget(·)

adaptive b from (ε, δ)

6

SDPA_{S,p}(K, V, 
q)

final attention

Deterministic part
sinks + local + top-k cover the heavy hitters

Stochastic part
uniform sample from residual n_s tokens

GPU-friendly
budget b computed entirely on GPU from 
base-sample stats
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PART 3 · vATTENTION · MATH

Foundations: Estimating a Sum via Sampling(modify 
equations for visibility)

LEMMA 4.1 — VECTOR-SUM ESTIMATOR

Let s = Σᵢ₌₁ⁿˢ rᵢ ∈ ℝᵈ be a sum of n_s vectors to be estimated from a sample I_b of size b. Let Σ be the covariance of {rᵢ}. The 
unbiased estimator is:

ŝ_b = (n_s / b) · Σ_{i ∈ I_b} rᵢ          CLT ⟹  b ≥ [ Φ⁻¹(1 − δ/2) · √(n_s · Tr(Σ)) / τ ]²  ⟹  Pr( ǁŝ − sǁ₂ > τ ) ≤ δ

1 Two-knob control

τ sets the error tolerance; δ sets 
the failure probability.

2 Why Tr(Σ)?

Spread of the residuals — wider 
spread needs more samples.

3 Scaling

b ∝ Tr(Σ) / τ²: halving the error 
quadruples the budget.

4 Next

We apply this lemma to the 
numerator N to derive b_N.
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PART 3 · vATTENTION · MATH

ε-δ Proof Sketch 
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PART 3 · vATTENTION · MATH

Verified Attention — Theorem 4.3(Add:why top k is 
imp?)

LEMMA 4.2 · COMBINE N + D

The same Lemma 4.1 template applied to the scalar denominator D = Σ exp⟨K[i], q⟩ yields b_D(ε, δ, σ, D). If b_N gives (ε₁, δ₁) on the numerator 
and b_D gives (ε₂, δ₂) on the denominator (ε₂ < 0.5), then b = max(b_N, b_D) ensures:

Pr( ǁN/D − N̂/D̂ǁ₂ > 2(ε₁ + ε₂) · ǁN/Dǁ₂ ) < δ₁ + δ₂

THEOREM 4.3 · (ε, δ)-VERIFIED SDPA

Choosing b ≥ min_{ε′, δ′} max( b_D(ε′/2, δ′), b_N((ε−ε′)/2, δ−δ′) )  guarantees:

Pr( ǁvAttention(K, V, q) − SDPA(K, V, q)ǁ₂ > ε · ǁSDPA(K, V, q)ǁ₂ ) ≤ δ

PRACTICAL RELAXATION

In deployment, vAttention uses a denominator-only relaxation: the denominator bound alone assigns per-head budgets and shows >0.99 
correlation with observed errors. Cheaper because the denominator is a scalar (small base sample suffices) and accurate denominator estimates 
reduce bias, which otherwise compounds across sequence length.
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Amit’s part begins from next slide
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AIME results with sparsity (Qwen-3.5-27B)

Inference Time Context Sparsity: Illusion or Opportunity? , Joshi et al., 2026 54

Google Images  for query “AIME exemplar problems”

65K token length hard cap



SWE Results with Sparsity

SWE-Bench Django subset(114), hard limit 250 turns per task

Inference Time Context Sparsity: Illusion or Opportunity? , Joshi et al., 2026 55



Sparsity and Hardware

● Traditional View: To achieve speeds ups at hardware level block sparsity 
should be present

● Contradicting evidence: Even with unstructured sparsity (per token, per head, 
per layer) custom kernels can reap the benefits of sparse attention.

Inference Time Context Sparsity: Illusion or Opportunity? , Joshi et al., 2026
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Sparsity and Hardware

Inference Time Context Sparsity: Illusion or Opportunity? , Joshi et a.,l 2026
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PQ Cache Advantages

PQCache: Product-quantization-based KVCache for Long Context LLM Inference, Zhang et al., 2025
58

⇒Task: HotPotQA,
⇒SAR: 0.2,
⇒Model: 
Mistral-7B-IT-v0.2 
⇒Conf:GQA
⇒Native CW = 32K 
tokens 



Complexity Analysis (Prefill and decode)

● Prefill
○ Memory footprint (MFPT) reduction = mb/( 16*dh ) 
○ Normal attention compute complexity (CC) (seq to seq + projection) = O(dh*s2 + s*d2)
○ K means clustering (Additional compute): O( s*T*hkv*dh*2b ), Linear in s, can be offloaded to 

CPU ⟹ no additional computational burden on GPU
● Decode

○ Original attention computational complexity: a = softmax(qKT); CC = O(s*dh); MFPT = O(s*dh)
○ For PQ cache, construct LUT[j,c] = q(jth partition)*u(jth partition, cth centroid) ⟹ CC = MFPT= 

O(m*dm*2b)
○ Then,  aapprx = softmax(Σj{LUT[j,u(j,c)]}); for this and prev step ⟹ CC = O(dh*2b + s*m);  MFPT 

= O(m*2b*dm + m*s*b/8)
○ Based on aapprx retrieve top-k KV pairs and get final attention ⟹ MFPT = O(k*dh), CC = 

O(s*log k) 
○ Reduction factor in MFPT = dh/m (only consider coefficient of s because context length is 

dominant, ignore k*dh as top k is very small compared to full KV)
59



PQ Cache (Limitations)

● Fixed number of centroids.
● Initial K means clustering overhead may require some adaptive 

iterative scaling.
● With longer context length, the PQ needs to be reconstructed.
● Appropriate CPU-GPU ratio; no bottlenecks from either side
● Other IR techniques like HNSW may provide more efficient 

retrieval.
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End of Amit’s part
Add part of what can be offloaded to CPU 
and what benefits it leads. Focus on 
systems part. In general: Reduce text, add 
figures, 
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Thank You, Questions? 

When someone asks: Why are you being 
so dense?

Tell ‘em: Because I cannot ( efficiently ) 
manage sparsity induced overheads!
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